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UNIFORMITY OF FIBRES OF PERIOD MAPPINGS AND THE S-UNIT
EQUATION
BRETT NASSERDEN AND STANLEY YAO XIAO
Abstract. In this paper we give a refinement of the method introduced by Lawrence
and Venkatesh in [15] and thereby showing that their proof of Mordell’s conjecture is
uniform up to a uniform bound on the number of Galois representations attached to some
family of abelian varieties. We are also able to give an unconditional proof of a uniform
boundedness statement on the number of solutions to S-unit equations, which qualitatively
is best possible, recovering a result of Evertse [9].
1. Introduction
One of the most stunning and celebrated achievements in arithmetic geometry, and num-
ber theory in general, is Faltings’ famous proof of Mordell’s conjecture asserting that every
algebraic curve C defined over a number field K having genus g exceeding one has at most
finitely many K-rational points. Faltings’ proof is even more impressive when one takes
into account the fact that he also proved Shafarevich’s conjecture and Tate’s conjecture for
abelian varieties in the same paper [10].
In [6] Caporaso, Mazur, and Harris proved a surprising result: assuming the purely qual-
itative Bombieri-Lang conjecture, asserting that for any variety V of general type defined
over a number field K, the set of K-rational points on V is not Zariski dense, they proved
that Faltings’ theorem is uniform, in the sense that for any number field K and integer
g ≥ 2 there exists a positive N(K, g) such that for any algebraic curve C defined over K
having genus g, the cardinality of C(K) is bounded by N(K, g). This assertion is known as
the uniform boundedness conjecture.
In [21] and [12] Stoll and Katz, Rabinoff, and Zuerick-Brown proved respectively that the
uniform boundedness conjecture holds for hyperelliptic curves and arbitrary algebraic curves
respectively, provided that one assumes in addition that the rank r = r(K) of the Jacobian
variety of C satisfies r ≤ g − 3. By the work of Bhargava and Gross [3], this hypothesis is
expected to hold for a proportion tending to 100% of hyperelliptic curves defined over Q as
the genus g tends to infinity.
The papers [21] and [12] both employ the so-called Chabauty-Coleman method. The fun-
damental restriction is that one must assume that r(K) < g in order for the argument to run.
M. Kim has proposed, starting in [14], a remarkable generalization of Chabauty’s method
which replaces the Mordell-Weil lattice Jac(Y )(K) and the v-adic Jacobian Jac(Y )(Kv) by
non-abelian quotients of the unipotent fundamental group cut out by certain local condi-
tions, which he calls the global and local Selmer varieties respectively. If the dimension of
the global Selmer variety is less than the corresponding local Selmer variety, then one can
run Chabauty’s argument to prove finiteness. Several authors, including J. Balakrishnan
and N. Dogra have immensely pushed Kim’s program forward, culminating in some truly
stunning results, such as [2].
In 2018, B. Lawrence and A. Venkatesh introduced a remarkable new approach to Mordell’s
conjecture in [15] which is distinct from both the Chabauty-Coleman-Kim approach and
Faltings’ proof [10]. Morally speaking, Lawrence and Venkatesh’s approach replaces the
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dependency on the rank of the Mordell-Weil lattice or more generally the dimension of a
global Selmer variety by the finiteness of global Galois representations of pure weight hav-
ing good reduction outside of a set of primes S. The latter is similar to Faltings’ original
approach, but the added benefit is that Lawrence and Venkatesh’s set-up is more flexible
and conducive to variation in some families.
The goal of this paper is to show that, indeed, the methods introduced by Lawrence
and Venkatesh offer at least some flexibility. In principle, this reduces the question of
uniform boundedness of rational points to the uniform finiteness of some families of Galois
representations. We propose the following conjecture in that regard:
Conjecture 1.1. Let K be a number field, S a set of finite places of K, and g ≥ 2 an integer.
Let F be a one-parameter family of complex abelian varieties A of dimension g, parametrized
by an algebraic curve C defined over K. Let U(K,S,F) be the set of (K-isogeny classes of)
abelian varieties [A]K , defined over K and having good reduction outside of S, where there
is some A′ ∈ [A]K with A′(C) ∈ F . Then |U(K,S,F)| depends at most on K and g.
While Conjecture 1.1 appears somewhat unmotivated, it is actually exactly what is needed
to prove the following uniformity result:
Theorem 1.2. Let K be a number field, v a finite place of K, and g ≥ 2 an integer. Let Y
be a complex algebraic curve of genus g, and let Yv(K) denote the set of curves Y/K which
are isomorphic to Y over C and have good reduction at v.
Assuming Conjecture 1.1, there exists a number N(Y,K, g, v) which depends only on
Y,K, g, v such that for any Y ∈ Y(K), the number of K-rational points on Y is bounded by
N(Y,K, g, v).
Theorem 1.2 is derived from our technical refinement of the arguments in [15]. In [15],
Lawrence and Venkatesh defines a p-adic period map from the space of semi-simple repre-
sentations Gal(Qp/Kv) to a certain flag variety H. Indeed, we obtain such a result as our
Proposition 2.3.
Theorem 1.2 implies that we have uniform boundedness in any twist family. Two imme-
diate applications come to mind:
Corollary 1.3. Let F be a binary form of degree 2g + 2, g ≥ 2 having integer coefficients
and irreducible over Q. If Conjecture 1.1 is true, then there exists a positive integer N(F )
such that for any non-zero square-free integer d, the number of rational points on the curve
dy2 = F (u, v)
is at most N(F ).
Proof. The form F uniquely determines the complex isomorphism class and hence the genus,
and in this case the field of definition is K = Q. Thus it suffices to explain why there is no
dependence on an auxiliary prime v. To see this, choose the smallest odd prime p ∤ ∆(F )
with the property that F (x, y) ≡ 0 (mod p) has no solution. Note that y2 = F (u, v) has
good reduction at p. Applying the Theorem with v = p covers all d with p ∤ d. For those d
divisible by p, our choice of p implies that the twist cannot have rational points due to local
obstruction. Since p is uniquely determined by F , the dependency can be removed. 
Corollary 1.3 implies a weak version of a conjecture of C. L. Stewart in [17]. In particular,
the number of primitive solutions to the Thue equation
(1.1) F (x, y) = h
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depends at most on F , provided that degF ≥ 6 and F is irreducible over Q. Currently, uni-
form bounds were only known when h is fixed, due to Bombieri and Schmidt in [4] and later
extended by Stewart [17]. Stewart and the second author showed that Stewart’s conjecture
holds true on average in [18].
We now give a heuristic as to why Conjecture 1.1 is plausible. Consider elliptic curves
EA,B/Q, given by the minimal Weierstrass model:
(1.2) EA,B : y
2 = x3 +Ax+B,A,B ∈ Z, p4|A⇒ p6 ∤ B for all primes p.
We can then view Z2 as a parameter space for the EA,B’s. For a set S of rational primes,
a curve EA,B has good reduction outside of S if the discriminant ∆(EA,B) is only divisible
by primes in S. There are only a finite number of integers which are composed only of
primes in S which can be discriminants of elliptic curves in minimal Weierstrass model, say
D1(S), · · · ,Dm(S). Thus, an elliptic curve EA,B has good reduction outside of S only if
(A,B) is an integer point one of the Mordell curves
(1.3) 27y2 = 4x3 +Dj(S), j = 1, · · · ,m.
Let C be a planar curve of genus g ≥ 2, which corresponds to a 1-parameter family of com-
plex elliptic curves. Then the number of integral intersection points of these curves with C
is at most the number of integral points of C, given as an affine plane curve.
One case where we may say something unconditionally is the case of S-unit equations.
This is a well-studied problem, going back to the work of Siegel [19]. Kim gave a new proof
of this finiteness result as an introduction to his non-abelian Chabauty method in [14], and
Lawrence and Venkatesh gave yet another proof in [15] as a proof-of-concept of their method.
Following [15] and our improvements made to their set-up, we prove the following uniform
variant:
Theorem 1.4. Let K be a number field which contains a primitive 8-th root of unity. Let
S be a finite set of finite places of K which contains all places above 2. Let m be the largest
power of 2 which divides the order of the group of roots of unity in K. Let L be a fixed cyclic
extension of K of degree m. Choose a place v 6∈ S which is inert in L. Then there exists a
number N(K,L, v) such that for any t0 (mod v), the set
U1,L,v,t0 = {t ∈ O∗S : 1− t ∈ O∗S , t 6∈ (K∗)2,K(t1/m) ∼= L, t ≡ t0 (mod v)}
we have |U1,L,v,t0 | ≤ N(K,L, v).
In other words, the number of solutions to the S-unit equation is uniformly bounded, up
to the number of possibilities of cyclic extensions L that can arise, which depends only on
the cardinality of S. Such a dependency is unavoidable; see [8]. This theorem is quantita-
tively weaker than a theorem of Evertse [9], but is qualitatively similar.
In fact, we can give a concrete bound on the number of fields L = K(t1/m) that can arise.
Note that for any such L, the (fractional) principal ideal
(
t1/m
)
factors into prime ideals
that are totally ramified over K, and hence the prime divisors of (t1/m) are in one-to-one
correspondence to the prime ideals in OK which occur in the factorization of (t) into a
fractional ideal. There are now two situations: for those primes co-prime with m only tame
ramification is possible, and for each such prime p ∈ S, the possible exponents occurring in
(t) are (up to equivalence) 0, · · · ,m− 1.
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In our argument we may fix m = 8, which we do so now. If we write (t) = pℓ11 · · · p
ℓ|S|
|S| ,
then for each 1 ≤ k ≤ |S| there are 8 possibilities for ℓk, and thus there are 8|S| possibilities
for (t), assuming there is no wild ramification. To account for possible wild ramification we
need to multiply by an absolute constant C0. This gives that there is a positive number C0
such that the number of possible fields L that may occur is at most C0 · 8|S|.
The dependence on the specific field L in Theorem 1.4 is quite mild, in the sense that we
only require v to be inert in L. Fixing such a prime and choosing only fields L = K(t1/m)
for which v is inert in L, we obtain a bound of the shape
(1.4) #{t ∈ O∗K,S : 1− t ∈ O∗K,S, v inert in K(t1/m)} ≤ N(K, v)8|S|
for some number N(K, v) which only depends on K and v.
The main thrust behind Theorem 1.4 is that we can replace Conjecture 1.1 with a state-
ment about 2-dimensional representations of Gal(Qp/Kv). Indeed, 2-dimensional crystalline
representations of Gal(Qp/Kv) with Hodge-Tate weight {0, 1} are completely determined by
their characteristic polynomial.
Acknowledgements. We thank Lucia Mocz for discussions that formed the genesis of this
project. We thank Minhyong Kim for meeting with us during his visit to the Perimeter
Institute and discussing relevant ideas, which ultimately gave rise to the current project.
We thank him again for reading earlier versions of this manuscript which improved the
quality immeasurably.
2. The general set up
Here we begin discussing the general framework that was described in the [15] paper. We
work in somewhat larger generality than what is needed in [15]. As we proceed further we
will add extra assumptions as needed. Hopefully, this will clarify the ideas we are using.
Suppose that we have a smooth morphism
ψ : X → Y
of varieties over a number field K of relative dimension d. We are primarily interested in the
case when Ψ: X → Y is given the structure of a semi-abelian scheme. This has the benefit
of making the types of Galois representations arising as the typical ones coming from the
representation of Gal(Q/K) on Tate modules of abelian varieties, for some prime p. Suppose
further that we have a set S of primes such that ψ extends to a smooth morphism of OS
schemes, say
Ψ: X → Y.
Choose a prime v outside of S, lying above p ∈ Q, and such that
(1) p > 2;
(2) p does not lie below any prime in S; and
(3) Y has good reduction at v.
For each y ∈ Y(O) we have a a Galois representation ρy associated to the action of the
absolute Galois group GK on H
q(Xy×K K¯,Qp). In fact more can be said: if y ∈ Y(O) then
ρy is a crystalline representation when restricted to Kv. This follows from the assumption
that we have a good model. With these restrictions we obtain a map
(2.1) rΨ,v,q = r : Y (O)→ {crystalline representations of GKv on Qp vector spaces}
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that sends
y 7→ ρy |GKv .
On the other hand, p-adic Hodge theory gives a map
crys : {crystalline representations of GKv on Qp vector spaces} → FL.
Here FL is the category of triples (W,φ, F ) , where W is a Kv vector space, φ a Frobe-
nius semi-linear automorphism of W , and F a descending filtration on W . The crystalline
comparison theorem then shows that for y ∈ Y (O) we have
crys ◦ r(y) = (Hq(Xy/Kv,Frv),Hodge Filtration for Xy)
That is, the image of ρy inside FL is (Hq(Xy/Kv ,Frv),Hodge Filtration for Xy). The com-
parison theorem with lifts of crystalline cohomology gives that the triple
(Hq(Xy/Kv ,Frv),Hodge Filtration for Xy) ∼= (Vv, φv,Φv(y))
where Vv is a lift of the crystalline cohomology, and φv is the canonical Frobenius operator.
From the mapping Ψ we have essentially constructed a category of linear algebraic data,
which we may hope to study in lieu of studying Y itself. Since we are now working with a
category of linear algebraic data over a local field, we study how points that are v-adically
close behaves. To this end we consider those points of FL that are close to point of R. To
do this in a controlled way we consider residues disks on Y (O) and period mappings induced
by the crystalline comparison theorem.
Fix y0 ∈ Y (O) and put Ωv(y0) = {y ∈ Y (Ov) : y ≡ y0 (mod v)}, the residue disk of
Y at y0. If y ∈ Y (Ov) and y ≡ y0 (mod v) then the Gauss-Manin connection gives an
isomorohism of vector spaces
(2.2) GM: Hq(Xy/Kv) ∼= Hq(Xy0/Kv).
We remark that when Y is defined over a number field K, that the Gauss-Manin connection
(2.2) is given by a power series with K-coefficients.
The map (2.2) preserves the Frobenius mapping φv but varies the Hodge filtration, since
the latter is dependent on the particular lift toKv and the former depends only on the residue
class modulo v. We assume that all the Hodge filtrations constructed from Ψ have the same
dimensional data, since all such filtrations arising from global representations necessarily
satisfy this property. We then obtain a morphism
φy0 : Ωv(y0)→H(Kv)
that takes the Hodge filtration associated to Xy to its image under the Gauss-Manin con-
nection. We obtain a map
Φπ,v,q,y0 = Φ: Ωv(y0)→ FL, y 7→ (Vv , φv, φy0(y))
The projection unto the first factor gives recovers the so called period mapping
φy0 : Ωv(y0)→H(Kv), y 7→ φy0(y)
where H(Kv) is the flag variety parametrizing the subspaces with the correct data. Set
Rπ,v,q,y0 = R = Φ(Ωv(y0))
Let S be the category of Kv vector spaces with a Frobenius semi-linear operator. That is,
the category whose objects are pairs (V, φ) where V is a finite dimensional Kv vector space
and φ is a Frobenius semi-linear operator on V . The morphisms in S are given by linear
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maps that respect the semi-linear operators. Notice that FL comes with a natural forgetful
map
p12 : FL → S, (V, φ, F ) 7→ (V, φ)
Proposition 2.1. Let R be as above. Then R lies in a fiber of p12.
Proof. By construction, all the elements of R are of the form
(Vv, φv, φy0(y))
for some y ∈ Ωv(y0). Thus R ⊆ p−112 (Vv, φv). 
Thus the natural category of linear algebraic data to work with is the full fiber over
(Vv, φv) which we will denote F. Given a point x ∈ F the collection of x′ ∈ F isomorphic to
x is given by the collection of all linear automorphisms of Vv which commute with φv. We
call this the centralizer of φv and denote it Z(φv). Let p3 : F → H(Kv), and take to [x] be
the collection of elements in F which are isomorphic to x. We have
[x] = {(Vv , φv, T (x) : T ∈ Z(φv)} = p−13 (Z(φv) · p3(x))
Even more explicitly, we have that the orbit of p3(x) in H(Kv) can be described as
Z(φ) · p3(x) ∼= Z(φv)/StabZ(φv)(p3(x)) := Gx
Then
[x] = p−13 (Gx)
so that the isomorphism classes of a point in F arise as fibres over certain linear algebraic
groups in a space of flags a general point x ∈ F. In fact, the period morphism φy0 is a Kv
analytic mapping and our most interesting results will be about the fibres
Fy = φ
−1
y0 (GΦ(y)).
In particular when Y is a curve we will show that Fy is finite, and give upper bounds on
the size of these fibres with limited dependencies, as to give us freedom to vary over a
family uniformly. So far we have only been using the fact that we have a non-archimedean
place of good reduction. Now pick an archimedean place ι and consider the monodromy
representation
µι,q = µ : π1(Y (C), y0)→ GL(Hq(Xy0 ×K K¯, Q¯)×K C)
We take
Γµ = Γ = Zariski closure of image(µ)
Now let h0 be the Hodge filtration coming from the complex de Rham cohomology
Hq(Xy0(C)/C). Thus h0 ∈ H(C) where H is the flag variety parametrizing the appropriate
dimensional data. We set
Dµ = dimC Γµ · h0
We may now state our first result.
Lemma 2.2. With the notation above we have that
dimφy0(Ωv(y0)) ≥ Dµ.
In words, the Zariski closure of the image of φy0 has dimension at least the dimension of
Γµ · h0. In particular, if W ⊆ Hv is closed with dimW < Dµ then φ−1y0 (W ) is contained in
a proper Zariski closed subset of Ωv(y0).
Proof. This is a consequence of Lemma 3.1 in [15]. 
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The main goal of this section is to prove the following refinement of Proposition 3.3 in
[15]:
Proposition 2.3. Let X → Y be a smooth, proper family over a number field K, Vq the
degree q de Rham cohomology of a given fibre X0 above y0 ∈ Y (K), H a space of flags in Vq,
Φv : {y ∈ Y(Ov) : y ≡ y0} → H(Kv)
the v-adic period mapping as defined above, Γ ⊂ GL(Vq(C)) the Zariski closure of the mon-
odromy group, and h0 = Φ(y0) is the image of y0 under the period mapping. If
dimKv
(
Z
(
φ
[Kv:Qp]
v
))
< dimC Γ · hι0,
where Z(·) denotes the centralizer, in AutKv(Vq(Kv)), of the Kv-linear operator φ[Kv:Qp]v ,
then for a fixed crystalline representation ρ of GKv the set
{y ∈ Y (O) : y ≡ y0 (mod v), ρy ∼= ρ}
is contained in a proper algebraic subvariety of the residue disk Y (Kv) at y0. Moreover,
the cardinality depends only on the field K, the prime v, and the Kv-isomorphism class of
X → Y .
The proof of Proposition 2.3 is a consequence of the following lemma, which is essentially
Theorem 9.1 and Corollary 9.2 in [15]:
Lemma 2.4. Suppose V ⊂ Y × H∗ is an algebraic set. Write W for the image of Y˜ , the
universal cover of Y (C), in Y × H. Suppose that U ⊂ V ×W is an irreducible analytic set
such that
codimY×H∗ U < codimY×H∗ V + codimY×H∗ W,
where all codimensions are tkane inside Y ×H∗. Then the projection of U to Y is contained
in a proper weak Mumford-Tate subvariety.
If Z ⊂ H∗ is an algebraic subvariety and
(2.3) codimH∗(Z) ≥ dim(Y ),
then any irreducible component of Φ−1(Z) is contained inside the preimage, in Y˜ , of the
complex points of a proper subvariety of Y .
Proof. Let Q be an irreducible component of Φ−1(Z). Let V = Y × Z. The intersection
WZ of W with Y × (Z ∩ H), taken inside Y × H, is an analytic set. Moreover, the image
of Q under the analytic map Y˜ → Y × H is contained in WZ . Therefore, the image of Q is
contained in some irreducible component of WZ , say U .
With this choice of U, V,W we see that
codimY×H∗ V = codimH∗ Z
and
codimY×H∗ W = dimH
∗,
whence
codimY×H∗ W + codimY×H∗ V = dimH
∗ + codimH∗ Z ≥ dimH∗ + dimY.
Since
codimY×H∗ U ≤ dimH∗ + dimY,
it follows that either dimU = 0 or Bakker-Tsimerman applies, and the projection of U to Y
is contained in a proper weak Mumford-Tate domain. The same applies to Q, which finishes
the proof. 
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As in [15], we need to transfer Lemma 2.4 to the v-adic setting. We note that the
arguments in [15] only deal with the Qp-case, but for our application the arguments are
essentially the same.
Proposition 2.5. Let Ωv be the residue disk of y0 in Y (Kv). Then for any Kv-algebraic
subvariety Z ⊂ H∗Kv satisfying (2.3), the set Φ−1v (Z) is not Zariski-dense in Y . Moreover, the
number of irreducible components of Φ−1v (Z) depends only on K, v and the Kv-isomorphism
class of Y .
Proof. Our strategy is to walk through the argument in [15] and keep track of what deter-
mines the bound on the number of components. The image R = φ(Ωv) is contained in a
residue disk containing Φv(y0) of the flag space Hv . In particular, there is some affine open
set SpecAv of Hv containing Φv(y0). We may suppose that Z ⊂ Hv , is cut out locally by
equations F1, ..., Fr , where we suppose that Fi ∈ Av, i.e., the Fi’s are regular functions on
this affine open set.
Set Gi = Fi ◦φ. These are formal power series, converging absolutely in Ωv. The common
zero locus of these power series contains the fiber Fy we are interested in. After choosing
suitable coordinates we may work in the Tate algebra Kv〈x1, ..., xN 〉, and consider
(G1, ..., Gr) ⊆ Kv〈x1, ..., xN 〉 = R
Now choose W = SpecB in Y containing the residue disk around y0 with a natural map
B → R. Our proof will then require the following claim:
Claim 2.6. Let p be a minimal prime ideals of R that vanish at a point of Ω, that is minimal
among the primes containing (G1, ..., Gr). Then there is a regular function H in P.
We will prove the claim as a separate lemma. Now let p1, p2, ..., pt be the minimal prime
ideals of R that vanish at a point of Ω. The number t only depends on GΦ(y) and the period
mapping φ. Thus we apply the claim t times to obtain H1, ...,Ht and from the construction
we have that
Fy = φ
−1(GΦ(y)) ⊆ V (G1, ..., Gr) ⊆ V (H1....Ht)
Since the number of the components of the Hi are uniformly bounded, and the number of
the Hi depends on only on GΦ(y) and φ the claim follows. 
Lemma 2.7. Let p be a minimal prime ideals of R that vanish at a point of Ω, that is
minimal among the primes containing (G1, ..., Gr). Then there is a regular function H in
P.
Proof. We may choose B in such a way so that the number of prime ideals in R is minimal.
The ideal p vanishes at some point of Ωv by assumption, say at y0. We then transfer the
question to the complex numbers. Fix an isomorphism σ : Qp → C, which induces an
embedding σ : Kv → C. Then y0 gives rise to a point yσ0 ∈ Y (C), and the de Rham
cohomology of Xσy0 is obtained from that of Xy0 via σ by
H∗dR(Xy0)⊗Kv,σ) C = H∗dR(Xyσ0 /C).
We may regard the period map Φv as taking values in the Grassmanian HKv for the left
hand de Rham cohomology.
Let UC be a small complex neighbourhood of y
σ
0 and let ΦC : UC → HC be the complex
period mapping, which we regard as taking values in the complex flag variety HC = (HKv )
σ.
Note we have the identification ΦC(y
σ
0 ) = Φv(y0)
σ.
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Z then gives rise to a complex algebraic variety Zσ ⊂ HC and this subvariety satisfies
(2.4) codimH(Z) ≥ dim(Y ).
The functions Fi are regular on Av, an affine open, by hypothesis, whence F
σ
i are defined
over an affine open in HC containing ΦC(y
σ
0 ), which locally cut out Z
σ.
Consider the completed local ring of Yv at y0, which contains Gi. It is a formal power series
ring over Kv, and σ induces an injection from this completed local ring to the corresponding
completed local ring of YC at y
σ
0 , which sends G 7→ Gσ . Then we have
(2.5) Gσi = power series expansion of F
σ
i ◦ ΦC at yσ0 .
This follows from the fact that the complex and p-adic period maps satisfy the same differ-
ential equation defined over K. It then follows from (2.5) that Gσi , a priori a complex formal
power series, is in fact convergent in a small complex neighbourhood of yσ0 ; their vanishing
locus for a sufficiently small such neighbourhood V coincides with Φ−1C (Z
σ) ∩ V .
We now apply Lemma 2.4 to Zσ ⊂ H∗C, which shows that Φ−1C (Zσ) ∩ V ⊂ Y (C) is not
Zariski dense in Y (C). Moreover, the bounds from the argument of Bakker and Tsimerman
uses functions in an O-minimal structure, and thus the finiteness produced is uniform.
We now analytically continue ΦC from V to a universal cover of Y (C), obtaining finitely
many irreducible components of Φ−1C (Z
σ) which intersect V . Applying Lemma 2.4 to each
such component shows that the common zero-locus of Gσi on V is contained in the zero-locus
of some algebraic function G.
Consider the ring RC = C{x1, · · · , xn} of formal power series convergent in some neigh-
bourhood of 0. Given an ideal I in this ring, we may associate a germ V (I) of an analytic
set at the origin. It then follows that the ideal of functions vanishing along this germ is
precisely the radical
√
I of I. Applying this to the ring of germs of holomorphic functions
near yσ0 ∈ Y (C) and taking I to be the ideal generated by the Gσi ’s, we see that
√
I is the
ideal of functions vanishing on V (I) and in particular contains G. It follows that there exists
m ≥ 1 such that Gm ∈ I.
Hence the ideal spanned by Gσi inside the ring of locally convergent power series contains
the image of an algebraic function, that is, a regular function on some Zariski-open subset of
Y (C) containing yσ0 . The same holds for formal power series, and pulling back this assertion
via σ−1 to Y (Qp). Thus, there exists a regular function H in a neighbourhood of y0 in
Y (Qp) belonging to the ideal
(2.6) H ∈ 〈G1, · · · , Gn〉
generated by the Gi’s in the completed local ring Oˆ of Y (Qp) at y0. Taking a norm, we
may suppose that H in fact arises from a regular function of y0 in Y (Kv). Multiplying by
a suitable denominator if necessary, we may suppose without loss of generality that H is
regular on the chosen open affine around y0, so that H ∈ Bv. Note that Bv ⊗ Qp surjects
onto each quotient Oˆ/mt
Oˆ
, where mOˆ is the maximal ideal of Oˆ. Therefore, for each t ≥ 1,
there are Z1, · · · , Zk ∈ Bv ⊗Qp such that
(2.7) H ∈
∑
ZiGi +m
t
Oˆ
.
By a simple linear algebra argument, we see that one can choose Zi ∈ Bv for all i.
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The function H then defines a rigid-analytic function on the residue disk Ωv(y0). Thus
H and Gi both lie inside the Tate algebra R. Recall that we have fixed a prime ideal p
of R, contained in the maximal ideal m associated to y0, and containing the ideal J =
〈G1, · · · , Gn〉 ∩R. Now (2.7) implies that
H ∈ J +mt
for each t ≥ 1; thus the image of H in R/p lies in the intersection ⋂t≥1mt. By Krull’s
intersection theorem applied to the Noetherian integral domain R/p, we have that the
intersection of powers of m is trivial. It therefore follows that H ∈ p, as desired.

What remains to be done is that we must show the number of possibilities of Z(φv) is
bounded only in terms of v. Presumably this is really a statement about the classification
of certain algebraic groups over Kv , but we have not been able to find such a result in the
literature. We are thus compelled to give the following argument.
Lemma 2.8. The number of possibilities for Z(φv) depends only on v and not on the residue
disk Ω, or even the curve Y .
Proof. Recall that Z(φv) is completely determined by φv, which is then determined by the
crystalline cohomology Hq(Xy ×K K,Qp). It is well-known that the crystalline cohomology
and the Frobenius semi-linear operator φv depend only on the residue class modulo v; thus,
φν depends only on the reduction of certain crystalline representations modulo v, which is
then an abelian variety over a finite field kv. It is well-known that the number of isomorphism
classes of abelian varieties over kv is finite, and bounded only in terms of |kv|; hence, there
are at most a quantity, depending only on v, of possibilities for φv, and thus the same
number of possibilities for Z(φv). 
Applying this to the curve case we obtain the following.
Corollary 2.9. Use the above notation. Suppose that Y is a curve. Then Fy has finitely
many points, that depend only on Z(φv) and φy0 .
In particular, we see that the intersections
p−13 (GΦ(y)) ∩R
are finite, and the number of elements do not depend on y, only on the data used to
construct R.
3. The application to Mordell’s conjecture: proof of Theorem 1.2
In [15] they construct a sequence of morphisms
(3.1) Xq
ψ
// Hq
π
//// Y
called the Kodaira-Parshin family, where π is finite etale and ψ is smooth of relative
dimension dq =
(q − 1)(g − 1)
2
for some prime q. Furthermore, in the above set up we have
that
image(π1(Y (C), y0)) ⊃
∏
y∈π−1(y0)
Sp(H1(Xy,Q), ω)
We denote this condition as having full monodromy, it is intended to guarantee the dimen-
sion conditions that we will require in the end. To compare the result with what we need is
as follows.
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The construction of the Kodaira-Parshin family in [15] allows us to characterize the K-
rational points of Y as follows. If E is a finite set on which GK = Gal(Q/K) acts, put
E(Frobv) for the subset of E consisting of elements e ∈ E for which the Frobv-orbit of e has
size at most 8, and put
sizev(E) =
|E(Frobv)|
|E| .
A feature of the family constructed by Lawrence and Venkatesh in [15], which is critical for
their proof of Mordell’s conjecture, is that we have
Y (K) = Y (K)∗ :=
{
y ∈ Y (K) : sizev(π−1(y)) < 1
d+ 1
}
.
Therefore, we can turn our attention to estimating the much more structured set Y (K)∗.
Note that Y (K)∗ depends on the morphisms (3.1).
From the analysis given in Section 6 of [15], it suffices to prove analogous statements to
their Lemma 6.1 and 6.2. Lemma 6.2 of [15] is essentially the content of Proposition 2.5,
which is our main contribution. Therefore, it remains to check that Lemma 6.1 gives a
uniform bound. We restate their Lemma 6.1 for convenience:
Lemma 3.1. There is a finite set F ⊂ Ωv ∩Y (K)∗ such that for all y ∈ (Ωv ∩Y (K)∗)−F ,
there exists (y′, w) with y′ ∈ π−1(y) and w a place above v such that [K(y′)w : Kv ] ≥ 8 and
ρy′ is simple as a GK(y′)-representation.
What we need to check is that the size of F is uniformly bounded in a twist family. We
confirm this by noting that, following the proof of Lemma 6.1 in [15], that the proof of
the sublemma only depends on properties of the field K and not on the curve Y , and that
Lemmas 6.3 and 6.4 in [15] are purely statements about the linear algebra of Kv-vector
spaces and hence independent of Y . Indeed, these three lemmas imply that the relevant
set Hbad is not Zariski dense in H, and thus we are in a position to apply Proposition 2.3.
This completes the proof that our arguments, in addition to those given by Lawrence and
Venkatesh in [15], gives a uniform bound on the size of Y (K)∗ modulo the input coming
from Faltings’ lemma.
We now give a heuristic as to why such Galois representations should be uniformly
bounded, provided that we insist that such representations have exact bad reduction at
S. In particular, we demand that such representations have bad reduction at every prime
of S and good reduction outside of S, rather than simply demanding that they have good
reduction outside of S. Consider an elliptic curve E/Q given by the usual Weierstrass model
has square-free discriminant. It then follows that for every finite set S of rational primes,
there exists exactly one quadratic twist Ed of E such that ∆(Ed) is exactly divisible by the
set of primes in S.
4. S-unit equations
In this section we prove a uniform bound for the cardinality of the set
(4.1) UL,t0 = {t ∈ O∗S : 1− t ∈ O∗S , t 6∈ (K∗)2,K(t1m) ∼= L, t ≡ t0 (mod v)}.
We begin with the preliminary set-ups as in [15]. Let S be a finite set of primes in OK ,
and let OS be the ring of S-integers in K. Let O∗S denote the ring of units in OS . Put
(4.2) U = {t ∈ O∗S : 1− t ∈ O∗S}.
We may suppose that S contains all primes in K above 2, and that K contains the 8-th
roots of unity. Let m be the largest power of 2 dividing the order of the subgroup of roots
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of unity in K. By our assumption, we see that m ≥ 8.
Put
U1 = {t ∈ U : t 6∈ (K∗)2}.
As was argued in [15], it suffices to show that U1 is a finite set. Since we are interested in
uniform bounds, we note that this will only cost us by a factor of m.
Now suppose that t ∈ U1. Since t is a non-square by assumption and µm ⊂ K, we see
that the order of t in the group (K∗)/(K∗)m is exactly m, for otherwise there is some proper
divisor k > 1 of m and an element a ∈ K∗ such that tk = am, whence t ∈ am/kµk, which
shows that t is a square.
Fixing t1/m an m-th root of t in Q, the field K(t1/m) is Galois over K since K contains
the m-th roots of unity. Moreover, elementary Galois theory shows that Gal(K(t1/m)/K) ∼=
Z/mZ.
Let Y = P1OS − {0, 1,∞}, where 0, 1,∞ denote the corresponding sections over SpecOS ,
and let Y ′ = P1OS − {0, µm,∞}. Here µm denotes the set of m-th roots of unity. Let
π : Y ′ → Y be given by the map u 7→ um.
Let X → Y ′ be the Legendre family, where the fibre Et over t is given by
Et : y
2 = x(x− 1)(x − t).
Consider the composite
X → Y ′ π→ Y;
this defines an abelian scheme over Y. We then apply our results to the family X → Y and
X,Y the fibres of X ,Y respectively over SpecK. The geometric fibre Xt of X → Y over
t ∈ Y (K) is then given by the disjoint union of the curves y2 = x(x− 1)(x − t1/m) over all
m-th roots of t.
Our argument will rely on the following big monodromy lemma of Lawrence and Venkatesh
[15]:
Lemma 4.1 (Big Monodromy). Consider the family of curves over C − {0, 1} whose fibre
over t ∈ C is the union of elliptic curves Ez : y2 = x(x − 1)(x − z), over all m-th roots
zm = t. Then the action of monodromy
(4.3) π1(C− {0, 1}, t0)→ Aut
( ⊕
zm=t0
H1B(Ez,Q)
)
has Zariski closure containing
∏
z SL(H
1
B(Ez,Q)).
4.1. Proof of Theorem 1.4. We diverge from the narrative in [15] by avoiding the use of
Faltings’ lemma. Indeed, we need to verify that the number of possible pairs
(4.4)
(
Kv
(
t1/m
)
, ρt|GKv(t1/m)
)
is uniformly finite.
First we note that the since K(t1/m) ∼= L, that there are only finitely many possibilities
for Kv(t
1/m) ∼= Lw for some prime w in L above v.
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For each such field Lw, we consider the 2-dimensional crystalline representations ρt|GLw .
We then invoke the following result of Brinon and Conrad, which is Theorem 8.3.6 in [5]:
Lemma 4.2 (Brinon, Conrad). Let K be a finite extension of Qp. The set of isomorphism
classes of 2-dimensional crystalline representations V of GK, that have distinct Hodge-Tate
weights {0, r} with r > 0 and are not a direct sum of two characters is naturally parametrized
by the set of quadratic polynomials f(x) = x2+ ax+ b ∈ OK[x] with ordv(b) = r, where f is
the characteristic polynomial associated to the crystalline representation.
Remark 4.3. Brinon and Conrad actually proved the above lemma in the case K = Qp, but
it is clear that their proof is purely geometric, whence applies for any finite extension of Qp.
Lemma 4.2 then implies that in the 2-dimensional case, the relevant crystalline representa-
tions are parametrized by the characteristic polynomials. Furthermore, since we are dealing
with representations that come from restrictions of global Galois representations, such poly-
nomials only depend on the relevant restrictions over Fq. Thus, by the same argument as in
the proof of Lemma 2.8, there are only finitely many possibilities for such representations,
depending only on the number of Fq-equivalence classes of elliptic curves over Fq. With this
observation, we then carry on with the proof following the strategy outlined in Section 4 of
[15].
Let ρv be a fixed 2-dimensional GKv(t1/m)-representation. As before, we may use p-adic
Hodge theory to associate a triple
(4.5)
(
H1dR (Xt,Kv/Kv) as Kv(t
1/m)-module, Frobenius, filtration
)
where H1dR (Xt,Kv/Kv) is equipped with the structure of a 2-dimensional vector space over
Kv(t
1/m).
Further, using the Gauss-Manin connection introduced in Section 2, we obtain an isomor-
phism
(4.6) H1dR(Xt,Kv/Kv)
∼= H1dR(Xt0,Kv/Kv)
which is compatible with the module structure over H0’s. This induces an isomorphism
Kv(t
1/m) ∼= Kv(t1/m0 ).
The identification (4.6) shows that the F 1-step of the filtration on H1dR(Xt,Kv/Kv) is
identified with a Kv(t
1/m
0 )-line inside H
1
dR(Xt0,Kv/Kv). This gives rise to a period map Φ,
defined by calling this line Φ(t). As before, we see that Φ(t) lies in a finite collection of
orbits for
Z = centralizer of Frobv in Kv(t
1/m
0 )-linear automorphisms of H
1
dR(Xt0,Kv/Kv).
By Lemma 2.1 in [15], we see that dimKv Z ≤ 4. We have thus shown that Ωv is contained
in Φ−1(Z), where Z ⊂ GrKv(2m,m) is a subvariety of dimension at most 4. We can then
apply Proposition 2.3, we have a uniform bounded on |Φ−1(Z)| provided that we verify the
dimension hypothesis.
The dimension hypothesis is proved in the same manner as in [15]. Indeed, we note that
their bounds for the size of monodromy depends only on the complex structure of those
schemes involved, and thus does not depend on the set S of primes.
It remains to deal with the possibility that the representation ρv is a sum of two characters.
This is handled by Lemma 4.4 in [15], and we note that the argument only depends on the
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scheme X over Y = P1 \ {0, 1,∞} and the prime v. Therefore the finite count the Lemma
produces does not depend on the set S, which is sufficient for our purposes.
References
[1] B. Bakker, J. Tsimerman, The Ax-Schanuel conjecture for variations of Hodge structures, Invent. Math.
(1) 217 (2019), 77-94.
[2] J. Balakrishnan, N. Dogra, J. Müller, J. Tuitman, J. Vonk, Explicit Chabauty-Kim for the split Cartan
modular curve of level 13, Ann. of. Math (3) 189 (2019), 885-944.
[3] M. Bhargava, B. H. Gross, The average size of the 2-Selmer group of Jacobians of hyperelliptic curves
having a rational Weierstrass point, in Automorphic representations and L-functions, Tata Inst. Fundam.
Res. Stud. Math., vol. 22 (Tata Institute of Fundamental Research, Mumbai, 2013), 23-91.
[4] E. Bombieri, W. M. Schmidt, On Thue’s equation, Invent. Math. 88 (1987), 69-81.
[5] O. Brinon, B. Conrad, CMI summer school notes on p-adic Hodge theory.
[6] L Caporaso, J. Harris, B.. Mazur, Uniformity of rational points, J. Amer. Math. Soc., 10 (1997), 1-35.
[7] R. Coleman, Effective Chabauty, Duke Math. J., 54 (1987), 615-640.
[8] P. Erdös, C. L. Stewart, R. Tijdeman, Some Diophantine equations with many solutions, Compositio
Math. 66 (1988), 37-56.
[9] J. H. Evertse, On equations in S-units and the Thue-Mahler equation, Invent. Math. 75 (1984), 561-584.
[10] G. Faltings, Endlichkeitssatze fur abelsche Varietaten uber Zahlkorpern (Finiteness theorems for abelian
varieties over number fields), Invent. Math (3) 73 (1983), 349-366.
[11] W. Fulton, Hurwitz schemes and irreducibility of moduli of algebraic curves, Ann. of. Math., (2) 90
(1969), 542-575.
[12] E. Katz, J. Rabinoff, D. Zuerick-Brown, Uniform bounds for the number of rational points on curves of
small Mordell-Weil rank, Duke Math. J., 165 (2016), 3189-3240.
[13] N. Katz, T. Oda, On the differentiation of de Rham cohomology classes with respect to parameters,
J. Math. Kyoto Univ., 8 (1968), 199-213.
[14] M. Kim, The motivic fundamental group of P1 \ {0, 1,∞} and the theorem of Siegel, Invent. Math. (3)
161 (2005), 629-656.
[15] B. Lawrence, A. Venkatesh, Diophantine problems and p-adic period mappings, arXiv:1807.02721
[math.NT].
[16] M. Matchett-Wood, J. Park, B. Poonen, J. Voight, A heuristic for boundedness of ranks of elliptic
curves, to appear in J. Eur. Math. Soc.
[17] C. L. Stewart, On the number of solutions of polynomial congruences and Thue equations,
J. Amer. Math. Soc., (4) 4 (1991), 793-835.
[18] C. L. Stewart, S. Y. Xiao, On the representation of integers by binary forms, Math. Ann. 375 (2019),
133-163.
[19] C. L. Siegel, Uber einige Anwendungen Diophantischer Approximationen, Abh. Preussischen Akademie
der Wissenschaften, Phys. Math. Klasse (1929), 41-69.
[20] J. Silverman, Representation of integers by binary forms and the rank of the Mordell-Weil group, In-
vent. Math. 74 (1983), 281-292.
[21] M. Stoll, Uniform bounds for the number of rational points on hyperelliptic curves of small Mordell-Weil
rank, to appear in J. Eur. Math. Soc.
Department of Pure Mathematics, University of Waterloo, 200 University Ave W, Wa-
terloo, Ontario, Canada, N2L 3G1
E-mail address: bnasserd@uwaterloo.ca
Department of Mathematics, University of Toronto, Bahen Centre, 40 St. George Street,
Room 6290, Toronto, Ontario, Canada, M5S 2E4
E-mail address: syxiao@math.toronto.edu
